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1. Introduction

Let <, denote the class of all p-valent functions f of the form

f(z) = z* +ian+pz”+” (1.1)

n=]
in the open unit disc U= {z eC: ]zl < 1}
Here o, =% and peN.

Let S; (B) and Cp (B) be the classes consisting of the functions

f € 4 and satisfying the condition

(fﬁ__gf-)—)> and
76 g

4 el
Re | 1+ zf (Z)J > f respectively
S )

for some B(OSB‘:P)’ zeU.
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known as p-valent starlike functions of ord
tions of order ] respectively. order

These classes are

and p-valent convex func
Geveral authors (1112l [3.] [4]) have studied various subclasses o
p-valent functions and obtained coefficient inequalities for th
functions f € o4, in these classes.
[n this present paper we de.ﬁne a generalized subclass of p
valent function and study the. coefﬁ01ent inequalities and Fekete-Szego
functions in this class. The results of this paper

inequality for the ‘
generalize and unify several earlier results in this direction.

Definition 1.1: Let Rs, (a, A, B) be the class of all functions f € A,

satisfying the condition.

( .
zf'(z)+a i Az}f”(z) |
: : >pf VzeU (1.2)

(5] ),

Here a0, 220, (o, 1) # (o, 0) 0<pB<p andp is a fixed positive
integer.

Re

It is noted that *

hs, (0,1,8)= S, (8) and Rs, 1, 0, B)= C, (B) are the usual classes of ,
p-valent starlike and convex functions of orderp. ' e

T .
o prove our results we require the following lemma.

Le . S
g (L UILLE 1 p(z)=1+c‘ zZ+C, 2% i is a function with

ositi ot §
positive real part then for any complex number v, W€ have
- 2
‘cz vc,|.<.2 Max{l,lzv_ll}

Thi .
his result is sharp for the functions

1-{-z2

plz)=-F2_
(z) — and p(z)zi-f-z
-z
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o T obtain the coefficient inequality and Fekete-
Szego duality for the function fin the class Rs, (o, /,,B)

2. qufflclent Inequalities .
In thig secti

functions /(z) ¢ 4

fheorem 2.1:

ON We first obtain a sufficient condition for the
P tobein the classRsp (OL,X,B) .

If f (Z) €A p and satisfies

e g[a(n+ p)+k] [’H‘P‘B]

IH-p

<[p-B][ap+21] L@

For 20,220, (o, 1) %(0,0) and 0<p < p
then f(z) € RS, (a, 2, B).

ijroof: Let f(z) satisfies the conditibh in (2.1).

To prove f(z) € RS, (o A, B).

Using the technique
|w-p|
<1, from the definition (1.1) consider
Re(w)>f < —Y Y
o a 2 on Z) »
Zf(4)+(a+/1)z f( ._p

l (l-aiA)f(z)Jr(“i’JZf'(Z) e (2.2)

S '(z)and S ”(Z) with their equivalent

-,Replacmg the values © /() r simplification. We have

d afte
ries expressions in (2.2) an¢ 2
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(oH—l) [;1:"*“ ZHM (IH-p) ,:’np] + (xl: z”+ ; - n+p n'*'p-l)z"*”]
— 1)7\' [ Z pH/) mp] [IE"-{- Z mp (I’H'-p) e

n=l 1=

— ;

1=l

[ + 3%, 2 '"”] p-2§) [pz+z,,+,, (n+p) z’”’:”

n=l

(OH—k [ +Z"+P H’P zl /J + O‘[ p—l "p‘*' Z n+p (n+p._1).JH‘pJ

1=l =l

e + o) -] 243 (o) +for) (ripmy

) ‘ -'pxi opn+p) ] a,, 2|

|+t o2 + o2 243 (o) + ) (e
AUpP) +op2 (n7) | g, 27

,,Z:,: [na (n+p) +n7\,:| a,,, z"°

I(P-B) (201])+27L) z”+zcj: [n+2p—2[3] [Oc(n+p) + x] a,,,

n+p
g

n+p

i‘ [no (n+p) +nr] |a

(P=B) (2ap +22.) | z |”—-i [n+2p-2B] [a(n+p) + A] |a

h=]

n+p

This will be bounded by 1 if
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[ (7+p) 4]

ClIH-p

<(p-f) (2ops2) =5 [ 229 [+ 2) + 2] oo

f:.Z I:OL (n+p) +k] [n+p_B] |an+p o (P"B) (ng+'7\,)50

"

e / (:) € RS, (o, A, B). This completes the proof of the theorem

Theorem 2.2: If 1 (z)e 4, isin the class Rs, (e, 4, f) then

il [az(z(f:-—l)ﬁj 2] o+ 2] Ll

<2(P-f’)(ap+*>';i[l+2(p— )

T nla(p+n)+a] =

J

}' V22 2.4)

a ptn

o
o+ A

ERrEr

Define a function p (z) such that

o’ (z)+( - /Jzzf”(z)

" (z)+ 22 f"(z)

>p

o +

Here p (z) is analytic in U with p (0):1 and Re [p (z) ]> 0.
VUDOn simplifying the equation (2.5) we get

| -ﬂ)[u D z] 2 /D) + o o El=lo+ 2= pa) o(2) + o £7(2) - A £2)
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Vowwe 5, |ssus12(al_gs_gf_ﬂjafﬂ 201 x_—; i
i

...... (2.8) ‘

it it 0

acing ./ () '(Z) and f"(z) with their equivalent

Repl ; . .
y es on both sides, after Slmpllﬁcatlon we get.

expressions in seri

p=F [A Z Qusp gt A Z " MPJ ' A[,,Zg; ¢ 2 ,Z,,: App2? ]

n=1

-

ne=1
o)

*“[Z a,., (1+p)? ":l““@[z Hp}*“[; — Z__l:a,,+p(n+p)z”*"]

n=l

-(a+;»—ﬁoé[p4 +Za (n+p)z ’””JW[P(P 3 +Z (n+2)r+p=1)2 "}

=l .

—pA [Z" +> a,, z"”’-] ..... 2.7

n=l -

Comparing the coefficient of z"** on both sides of (2.7) we get

[p-8] _ {(o:p + Ae, + A +,f.x_(p +1)]e, @

farp = nlec(n+ p)+ 2
rp+a(p+2)e,, a,, +A+a )| IR
""" +[l+a (n+p—-2)]6'2 an+p—2 -'I-[/1 +a (n+p-]')]cl an+p-l }
... (2.8)

Taking modulus on both sides of (2.8) and applying the

Carathedory inequality lc“[ <2Vnz1 weget

la"*" " n [az(gp-:]?ﬂ))-k Al tap + A)+ [’1 +a(p "’1)] | pu| T
[ﬂ+0‘(P+2]| I R +[ﬂ+a(n+p—2)]|“n+p—2|+

[ +a (”"'P—l)]’ a,H,p_lI } oo (2.9)
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2(p - p)

S‘[{m[ap+l]

This proves the result (2.3), forn = 2
. 2p-p)

_m[(ap+/l) [1+2(p—ﬁ)]]

The result in (2.4) is true forn = 2

; . — 1
_ For? = & D

Suppose that the regyjt in (2.4) is true for 3< n<.m.

For n=m+1 consider

5 (m+ l) of((i:—i)+ 1)+ /1] { (ocp+/1) +2(p- ,b:}[ap ’ A] ’

2(p- )

5 [(ep + 1) (i +2(p _f ,8))]+ .........

,a,,+,,,+1

E: Forrerenn M(ap+i)";[l+2(p_ﬁ)]}

g m J=1 _]

. |

;

; _2(p-p) i 2Ap-8)

§ ’ap+m+l (m+1)[a(p+m+1)+l](ap+ )le{l-{_ j

i Thus the result in (2.4) is true forn=m+1. Hence by

‘ ‘Mathematical induction the result is true for all values ofn>1. This

:

?;‘completes the proof of the theorem.

3. Fekete — Szego Inequality
Theorem 3.1: If f(z') e «, isin the class Rs, e, 2, 3] then for

: flny complex numbery, we have
_ [p—ﬁ][@_i_l]max{l’|4(p-—ﬂ)(ap+l)[a(p+2)+/1],u—5l}
[

m [ [p+1]+ B)

Bl ., .2
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Where (5'—'[2 (p—ﬂ)'*‘]][(x([?'*‘])’*‘l] el (3.1)

And the result is sharp
Proof: Since f (z)e Rs » [Ol, A, ﬂ] from equation (2.8) we have

(p—-,B) |lap+Ale, an
a”+]=[a(j7+l)+l][p ’1]1 d

- [ _'B] ap+A)e, +lalp+1)+
a”*zqz[a(z+2)+ﬂj[(p Hewrlele4)e e a, ]

lp- 8] | +(p—B).2
e e RS}

For any complex numberyu, we have

=B Al o ul-g ] o
Qpey “H Ay z[a(p+2)+l][ 2,,_(p p) 1] [oc(p+1)fit]z Cl

@y, - pral, = 2[“;;@]&‘5):?] e, _—vcs] “‘*-?5 )
_2[p-Bllap+ ]l (p+2)+2] ¢
Where v = [a?p+1)+&]2 H [P :3]

Taking modulus on both sides of (3.2) and applying Lemma (1.1) on
R.H.S we get :

S[P_’B][ap“Lﬂ—]max{l I
a(p+2)+4] |

[p=Bllap+1) {1’ 4lo(p+2) +a](g;li),(££—-»———f——“

2
l aj)+2 - :u ap.H

2
, ap+2 —/,l a/nl

T lalpr2) o] ™ a1+l

Where & =2 (p = 8) +1][a (p +1) + AT Jois rorpi
This completes the proof of the theorem. The rest o
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\y_ ? /nt(_t//’
» .-,ua;_,‘,l = [P = /9] [ap+x] . 1+ 27
" [a (p+2) +2]° i p(z)= 7

ldr...; 'eual'*-'l

[« (p+2) +2] K [p+]].+ /’.]2

1+z
o Pl
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