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Problem:
In this study Project we shall Extend Euler’s theorem for Homogeneous function of three variables
and we state some equations containing third order partial derivatives using Euler’s theorem for
function of two variables.We shall verify above statements by taking examples.

1. Introduction: The Euler’s theorem on Homogeneous function is a part of Differential Calculus
which is a course in mathematics for undergraduate students of semester-I. If Z is a Homogeneous
function of and of degree , then the theorem is useful for finding the values of expression of𝑥 𝑦 ‘𝑛’

type , etc.𝑥𝑍
𝑥

+ 𝑦𝑍
𝑦

𝑥2𝑍
𝑥𝑥

+ 2𝑥𝑦𝑍
𝑥𝑦

+ 𝑦2𝑍
𝑦𝑦

In this study project we shall extend this theorem to a Homogeneous function of
variables of degree ‘n’. I.e we shall extend Euler's theorem to a Homogeneous function of𝑥,  𝑦 & 𝑧

three variables.

2. Euler’s theorem on Homogeneous function of two variables:

Definition: a function f(x, y) is said to be a Homogeneous function of degree ‘n’ if

For 𝑓(𝑘𝑥, 𝑘𝑦) = 𝑘𝑛𝑓(𝑥, 𝑦) 𝑘 > 0

2.1 Euler’s theorem: If Z is a Homogeneous function of x, y of degree ‘n’and first order partial
derivatives of Z are exit then .   𝑥𝑍

𝑥
+ 𝑦𝑍

𝑦
= 𝑛𝑍

Corollary 2.2: If Z is a Homogeneous function of x, y of degree ‘n’and first and second order partial

derivatives of Z are exit and are continuous then . 𝑥2𝑍
𝑥𝑥

+ 2𝑥𝑦𝑍
𝑥𝑦

+ 𝑦2𝑍
𝑦𝑦

= 𝑛 𝑛 − 1( )𝑍

Corollary 2.3: If is a Homogeneous function of x, y of degree ‘n’and first, second and third order𝑓
partial derivatives of are exit and are continuous then𝑓

.𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 𝑛 𝑛 − 1( ) 𝑛 − 2( )𝑓

Proof:

Given that is a Homogeneous function of x, y of degree ‘n’and first, second and third order𝑓
partial derivatives of are exit and are continuous.𝑓

By 2.2 Corollary we have ……….. (1)𝑥2𝑓
𝑥𝑥

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 𝑦2𝑓
𝑦𝑦

= 𝑛 𝑛 − 1( )𝑓    

Differentiate equation (1) partially with respect to ‘x’ on both sides then we get

∂ 𝑥2𝑓
𝑥𝑥

+2𝑥𝑦𝑓
𝑥𝑦

+𝑦2𝑓
𝑦𝑦( )

∂𝑥 = ∂(𝑛 𝑛−1( )𝑓
∂𝑥

……………. (2)𝑥2𝑓
𝑥𝑥𝑥

+ 2𝑥𝑓
𝑥𝑥

+ 2𝑦 𝑥𝑓
𝑥𝑥𝑦

+ 𝑓
𝑥𝑦( ) + 𝑦2𝑓

𝑥𝑦𝑦
= 𝑛(𝑛 − 1) ∂𝑓

∂𝑥



Differentiate equation (1) partially with respect to ‘y’ on both sides then we get
∂ 𝑥2𝑓

𝑥𝑥
+2𝑥𝑦𝑓

𝑥𝑦
+𝑦2𝑓

𝑦𝑦( )
∂𝑦 = ∂(𝑛 𝑛−1( )𝑓

∂𝑦

…………… (3)𝑥2𝑓
𝑥𝑥𝑦

+ 2𝑥 𝑦𝑓
𝑥𝑦𝑦

+ 𝑓
𝑥𝑦( ) + 𝑦2𝑓

𝑦𝑦𝑦
+ 2𝑦𝑓

𝑦𝑦
= 𝑛(𝑛 − 1) ∂𝑓

∂𝑦

Multiply equation (2) with ‘x’ and multiply equation (3) with ‘y’ then we get

……….. (4)𝑥3𝑓
𝑥𝑥𝑥

+ 2𝑥2𝑓
𝑥𝑥

+ 2𝑥𝑦 𝑥𝑓
𝑥𝑥𝑦

+ 𝑓
𝑥𝑦( ) + 𝑥𝑦2𝑓

𝑥𝑦𝑦
= 𝑛(𝑛 − 1)𝑥 ∂𝑓

∂𝑥

…………… (5)𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 2𝑥𝑦 𝑦𝑓
𝑥𝑦𝑦

+ 𝑓
𝑥𝑦( ) + 𝑦3𝑓

𝑦𝑦𝑦
+ 2𝑦2𝑓

𝑦𝑦
= 𝑛(𝑛 − 1)𝑦 ∂𝑓

∂𝑦

Adding equation (4) & (5) then we get

𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 2 𝑥2𝑓
𝑥𝑥

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 𝑦2𝑓
𝑦𝑦( )

= 𝑛 𝑛 − 1( ) 𝑥 ∂𝑓
∂𝑥 + 𝑦 ∂𝑓

∂𝑦( )
⇒  𝑥3𝑓

𝑥𝑥𝑥
+ 3𝑥𝑦2𝑓

𝑥𝑦𝑦
+ 3𝑥2𝑦𝑓

𝑥𝑥𝑦
+ 𝑦3𝑓

𝑦𝑦𝑦
+ 2𝑛 𝑛 − 1( )𝑓 = 𝑛 𝑛 − 1( )(𝑛𝑓)

⇒𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 𝑛2 𝑛 − 1( )𝑓 − 2𝑛 𝑛 − 1( )𝑓

⇒𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 𝑛 𝑛 − 1( )(𝑛 − 2)𝑓   

Hence the theorem.

Now we apply this theorem to Homogeneous function of three variables.

3. Euler’s theorem on Homogeneous function of three variables:

Definition: a function is said to be a Homogeneous function of degree ‘n’ if𝑓(𝑥,  𝑦, 𝑧)

For 𝑓(𝑘𝑥, 𝑘𝑦, 𝑘𝑧) = 𝑘𝑛𝑓(𝑥, 𝑦, 𝑧) 𝑘 > 0

Euler’s theorem 3.1: If is a Homogeneous function of of degree ‘n’and first order partial𝑓 𝑥,  𝑦 & 𝑧
derivatives of are exit then .𝑓   𝑥𝑓

𝑥
+ 𝑦𝑓

𝑦
+ 𝑧𝑓

𝑧
= 𝑛𝑓

Proof:

Given that is a Homogeneous function of of degree 'n and first order partial derivatives of𝑓 𝑥,  𝑦 & 𝑧

are exit then𝑓 𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥𝑛𝑓 𝑦
𝑥 , 𝑧

𝑥( )
……….. (1) Where⇒ 𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥𝑛𝑓 𝑢, 𝑣( ) 𝑢 = 𝑦

𝑥  ,  𝑣 = 𝑧
𝑥

Differentiate equation (1) partially with respect to ‘x’ on both sides then we get



∂𝑓
∂𝑥 = ∂ 𝑥𝑛𝑓 𝑢,𝑣( )( )

∂𝑥

⇒ ∂𝑓
∂𝑥 = 𝑥𝑛 ∂ 𝑓 𝑢,𝑣( )( )

∂𝑥 + 𝑓(𝑢, 𝑣) ∂𝑥𝑛

∂𝑥

,⇒ ∂𝑓
∂𝑥 = 𝑥𝑛  ∂𝑓

∂𝑢
∂𝑢
∂𝑥 + ∂𝑓

∂𝑣
∂𝑣
∂𝑥( ) + 𝑓 𝑢, 𝑣( )𝑛𝑥𝑛−1

(𝑠𝑖𝑛𝑐𝑒  𝑢 = 𝑦
𝑥  𝑡ℎ𝑒𝑛 ∂𝑢

∂𝑥 =− 𝑦

𝑥2

𝑣 = 𝑧
𝑥   𝑡ℎ𝑒𝑛 ∂𝑣

∂𝑥 =  − 𝑧

𝑥2  ) 

⇒ ∂𝑓
∂𝑥 = 𝑥𝑛  ∂𝑓

∂𝑢 (− 𝑦

𝑥2 ) + ∂𝑓
∂𝑣 (− 𝑧

𝑥2 )( ) + 𝑓 𝑢, 𝑣( )𝑛𝑥𝑛−1

…………. (2)⇒ ∂𝑓
∂𝑥 =− 𝑥𝑛−2𝑦 ∂𝑓

∂𝑢 − 𝑥𝑛−2𝑧 ∂𝑓
∂𝑣 + 𝑓 𝑢, 𝑣( )𝑛𝑥𝑛−1

Differentiate equation (1) partially with respect to ‘y’ on both sides then we get

∂𝑓
∂𝑦 = ∂ 𝑥𝑛𝑓 𝑢,𝑣( )( )

∂𝑦

⇒ ∂𝑓
∂𝑦 = 𝑥𝑛 ∂ 𝑓 𝑢,𝑣( )( )

∂𝑦

⇒ ∂𝑓
∂𝑦 = 𝑥𝑛  ∂𝑓

∂𝑢
∂𝑢
∂𝑦 + ∂𝑓

∂𝑣
∂𝑣
∂𝑦( ) (𝑠𝑖𝑛𝑐𝑒  𝑢 = 𝑦

𝑥  𝑡ℎ𝑒𝑛 ∂𝑢
∂𝑦 = 1

𝑥

𝑣 = 𝑧
𝑥   𝑡ℎ𝑒𝑛 ∂𝑣

∂𝑦 =  0 ) 

⇒ ∂𝑓
∂𝑦 = 𝑥𝑛 ∂𝑓

∂𝑢
1
𝑥( ) + 0

……….. (3)⇒ ∂𝑓
∂𝑦 = 𝑥𝑛−1 ∂𝑓

∂𝑢

Differentiate equation (1) partially with respect to ‘z’ on both sides then we get

∂𝑓
∂𝑧 = ∂ 𝑥𝑛𝑓 𝑢,𝑣( )( )

∂𝑧

⇒ ∂𝑓
∂𝑧 = 𝑥𝑛 ∂ 𝑓 𝑢,𝑣( )( )

∂𝑧

⇒ ∂𝑓
∂𝑧 = 𝑥𝑛  ∂𝑓

∂𝑢
∂𝑢
∂𝑧 + ∂𝑓

∂𝑣
∂𝑣
∂𝑧( ) (𝑠𝑖𝑛𝑐𝑒  𝑢 = 𝑦

𝑥  𝑡ℎ𝑒𝑛 ∂𝑢
∂𝑧 = 0

𝑣 = 𝑧
𝑥   𝑡ℎ𝑒𝑛 ∂𝑣

∂𝑧 =  1
𝑥  ) 

⇒ ∂𝑓
∂𝑧 = 𝑥𝑛 ∂𝑓

∂𝑢
1
𝑥( ) + 0



……….. (4)⇒ ∂𝑓
∂𝑧 = 𝑥𝑛−1 ∂𝑓

∂𝑢

Now

𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

= 𝑥 − 𝑥𝑛−2𝑦 ∂𝑓
∂𝑢 − 𝑥𝑛−2𝑧 ∂𝑓

∂𝑣 + 𝑓 𝑢, 𝑣( )𝑛𝑥𝑛−1( ) + 𝑦𝑥𝑛−1 ∂𝑓
∂𝑢 + 𝑧𝑥𝑛−1 ∂𝑓

∂𝑢

⇒ 𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

=− 𝑦𝑥𝑛−1 ∂𝑓
∂𝑢 −  𝑧𝑥𝑛−1 ∂𝑓

∂𝑢 + 𝑥𝑛𝑓 𝑢, 𝑣( ) + 𝑦𝑥𝑛−1 ∂𝑓
∂𝑢 + 𝑧𝑥𝑛−1 ∂𝑓

∂𝑢

⇒ 𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

= 𝑥𝑛𝑓 𝑢, 𝑣( )

⇒ 𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

= 𝑛𝑓

Hence  proved.

Corollary 3.2: If is a Homogeneous function of of degree ‘n’and first and second order𝑓 𝑥,  𝑦 & 𝑧
partial derivatives of are exist and are continuous then𝑓

. 𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

= 𝑛 𝑛 − 1( )𝑓

Proof:

Given that is a Homogeneous function of of degree ‘n and first and second order partial𝑓 𝑥,  𝑦 & 𝑧
derivatives of are exit and are continuous.𝑓

By 3.1 Euler’s theorem we have ………………. (1)𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

= 𝑛𝑓

Differentiate equation (1) partially with respect to ‘x’ on both sides then we get

∂(𝑥𝑓
𝑥
+𝑦𝑓

𝑦
+𝑧𝑓

𝑧
)

∂𝑥 =  ∂(𝑛𝑓)
∂𝑥

……….. (2)⇒𝑥𝑓
𝑥𝑥

+ 𝑓
𝑥

+ 𝑦𝑓
𝑥𝑦

+ 𝑧𝑓
𝑥𝑧

= 𝑛𝑓
𝑥

Differentiate equation (1) partially with respect to ‘y’ on both sides then we get

∂(𝑥𝑓
𝑥
+𝑦𝑓

𝑦
+𝑧𝑓

𝑧
)

∂𝑦 =  ∂(𝑛𝑓)
∂𝑦

……….. (3)⇒𝑥𝑓
𝑥𝑦

+ 𝑓
𝑦

+ 𝑦𝑓
𝑦𝑦

+ 𝑧𝑓
𝑦𝑧

= 𝑛𝑓
𝑦

Differentiate equation (1) partially with respect to ‘z’ on both sides then we get

∂(𝑥𝑓
𝑥
+𝑦𝑓

𝑦
+𝑧𝑓

𝑧
)

∂𝑧 =  ∂(𝑛𝑓)
∂𝑧



……….. (4)⇒𝑥𝑓
𝑥𝑧

+ 𝑦𝑓
𝑦𝑧

+ 𝑧𝑓
𝑧𝑧

+ 𝑓
𝑧

= 𝑛𝑓
𝑧

Multiply Equation (2) with ‘x’, (3) with ‘y’ and (4) with ‘z’ then we get

𝑥2𝑓
𝑥𝑥

+ 𝑥𝑓
𝑥

+ 𝑥𝑦𝑓
𝑥𝑦

+ 𝑥𝑧𝑓
𝑥𝑧

= 𝑛𝑥𝑓
𝑥

𝑥𝑦𝑓
𝑥𝑦

+ 𝑦𝑓
𝑦

+ 𝑦2𝑓
𝑦𝑦

+ 𝑦𝑧𝑓
𝑦𝑧

= 𝑛𝑦𝑓
𝑦

𝑥𝑧𝑓
𝑥𝑧

+ 𝑦𝑧𝑓
𝑦𝑧

+ 𝑧2𝑓
𝑧𝑧

+ 𝑧𝑓
𝑧

= 𝑛𝑧𝑓
𝑧

Adding above three equations then we get

𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

+ 𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧

= 𝑛𝑥𝑓
𝑥

+  𝑛𝑦𝑓
𝑦

+ 𝑛𝑧𝑓
𝑧

⇒𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

+ 𝑛𝑓 = 𝑛(𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧
)

⇒𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

= 𝑛2𝑓 − 𝑛𝑓

⇒ 𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

= 𝑛 𝑛 − 1( )𝑓

Hence  proved.

Corollary 3.3: If is a Homogeneous function of of degree ‘n’and first, second and third𝑓 𝑥,  𝑦 & 𝑧
order partial derivatives of are exit and are continuous then𝑓

 𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+ 3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 6𝑥𝑦𝑧𝑓
𝑥

.

Proof:

Given that is a Homogeneous function of of degree 'n and first, second and third order𝑓 𝑥,  𝑦 & 𝑧
partial derivatives of are exit and are continuous.𝑓

3.2 Corollary we have …𝑥2𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑦𝑦

+ 𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦

+ 2𝑦𝑧𝑓
𝑦𝑧

+ 2𝑥𝑧𝑓
𝑥𝑧

= 𝑛 𝑛 − 1( )𝑓

(1)

Differentiate equation (1) partially with respect to ‘x’ on both sides then we get

𝑥2𝑓
𝑥𝑥𝑥

+ 2𝑥𝑓
𝑥𝑥

+ 𝑦2𝑓
𝑥𝑦𝑦

+ 𝑧2𝑓
𝑥𝑧𝑧

+ 2𝑦 𝑥𝑓
𝑥𝑥𝑦

+ 𝑓
𝑥𝑦( ) + 2𝑦𝑧𝑓

𝑥𝑦𝑧
+ 2𝑧 𝑥𝑓

𝑥𝑥𝑧
+ 𝑓

𝑥𝑧( )



……….. (2)= 𝑛 − 1( )𝑓
𝑥

Differentiate equation (1) partially with respect to ‘y’ on both sides then we get

𝑥2𝑓
𝑥𝑥𝑦

+ 2𝑦𝑓
𝑦𝑦

+ 𝑦2𝑓
𝑦𝑦𝑦

+ 𝑧2𝑓
𝑦𝑧𝑧

+ 2𝑥 𝑦𝑓
𝑥𝑦𝑦

+ 𝑓
𝑥𝑦( ) + 2𝑧(𝑦𝑓

𝑦𝑦𝑧
+ 𝑓

𝑦𝑧
) + 2𝑥𝑧𝑓

𝑥𝑦𝑧

……….. (3)= 𝑛 − 1( )𝑓
𝑦

Differentiate equation (1) partially with respect to ‘z’ on bothsides then we get

𝑥2𝑓
𝑥𝑥𝑧

+ 𝑦2𝑓
𝑦𝑦𝑧

+ 𝑧2𝑓
𝑧𝑧𝑧

+ 2𝑧𝑓
𝑧𝑧

+ 2𝑥𝑦𝑓
𝑥𝑦𝑧

+ 2𝑦(𝑧𝑓
𝑦𝑧𝑧

+ 𝑓
𝑦𝑧

) + 2𝑥 𝑧𝑓
𝑥𝑧𝑧

+ 𝑓
𝑥𝑧( )

……….. (4)= 𝑛 − 1( )𝑓
𝑧

Multiply Equation (2) with ‘x’, (3) with ‘y’ and (4) with ‘z’ then we get

𝑥3𝑓
𝑥𝑥𝑥

+ 2𝑥2𝑓
𝑥𝑥

+ 𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 2𝑥𝑦 𝑥𝑓
𝑥𝑥𝑦

+ 𝑓
𝑥𝑦( ) + 2𝑥𝑦𝑧𝑓

𝑥𝑦𝑧
+ 2𝑥𝑧 𝑥𝑓

𝑥𝑥𝑧
+ 𝑓

𝑥𝑧( )
……….. (5)= 𝑛 − 1( )𝑥𝑓

𝑥

𝑦𝑥2𝑓
𝑥𝑥𝑦

+ 2𝑦2𝑓
𝑦𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 2𝑥𝑦 𝑦𝑓
𝑥𝑦𝑦

+ 𝑓
𝑥𝑦( ) + 2𝑦𝑧(𝑦𝑓

𝑦𝑦𝑧
+ 𝑓

𝑦𝑧
) + 2𝑥𝑦𝑧𝑓

𝑥𝑦𝑧

……….. (6)= 𝑛 − 1( )𝑦𝑓
𝑦

𝑧𝑥2𝑓
𝑥𝑥𝑧

+ 𝑧𝑦2𝑓
𝑦𝑦𝑧

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 2𝑧2𝑓
𝑧𝑧

+ 2𝑥𝑦𝑧𝑓
𝑥𝑦𝑧

+ 2𝑦𝑧(𝑧𝑓
𝑦𝑧𝑧

+ 𝑓
𝑦𝑧

) + 2𝑥𝑧 𝑧𝑓
𝑥𝑧𝑧

+ 𝑓
𝑥𝑧( )

……….. (7)= 𝑛 − 1( )𝑧𝑓
𝑧

Adding equations (5), (6) & (7) then we get

𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+  3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 2(𝑥2𝑓
𝑥𝑥

= 𝑛 𝑛 − 1( ) 𝑥𝑓
𝑥

+ 𝑦𝑓
𝑦

+ 𝑧𝑓
𝑧( )

⇒ 𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+       3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 2𝑛

⇒ 𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+      3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

=  𝑛(



⇒ 𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+      3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 6𝑥

Hence proved.

Now we shall verify above corollary for one Homogeneous function of three
variables.

Problem (1): verify corollary 3.3 for the function 𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥3 + 𝑦3 + 𝑧3

Sol:

Given that ………… (8) Is a Homogeneous function of𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥3 + 𝑦3 + 𝑧3

degree ‘3’ then

By corollary 3.3 we have

𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+      3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑦𝑧

+ 6𝑥𝑦𝑧

⇒𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+      3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑦𝑧

+ 6𝑥𝑦

⇒𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+        3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 6𝑥

…….. (9)

Differentiate equation (1) partially with respect to ‘x’,’y’ & ‘z’ on both sides then we get

….. (10)𝑓
𝑥

= 3𝑥2

…….. (11)𝑓
𝑦

= 3𝑦2

…….. (12)𝑓
𝑧

= 3𝑧2

Differentiate equation (10) partially with respect to ‘x’ on both sides then we get

….. (13)   Similarly , , , , , ,𝑓
𝑥𝑥

= 6𝑥 𝑓
𝑥𝑥𝑥

= 6 𝑓
𝑥𝑥𝑦

= 0 𝑓
𝑥𝑦𝑦

= 0  𝑓
𝑥𝑧𝑧

= 0  𝑓
𝑥𝑥𝑧

= 0  𝑓
𝑥𝑦𝑧

= 0

Differentiate equation (11) partially with respect to ‘y’ on both sides then we get

…….. (14)  Similarly , , ,𝑓
𝑦𝑦

= 6𝑦 𝑓
𝑦𝑦𝑦

= 6  𝑓
𝑦𝑦𝑧

= 0  𝑓
𝑦𝑧𝑧

= 0



Differentiate equation (12) partially with respect to ‘z’ on both sides then we get

…….. (15)   Similarly𝑓
𝑧𝑧

= 6𝑧 𝑓
𝑧𝑧𝑧

= 6

Now

𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+  3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 6𝑥𝑦𝑧𝑓
𝑥

𝑥3𝑓
𝑥𝑥𝑥

+ 𝑦3𝑓
𝑦𝑦𝑦

+ 𝑧3𝑓
𝑧𝑧𝑧

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 3𝑥𝑧2𝑓
𝑥𝑧𝑧

+ 3𝑥2𝑧𝑓
𝑥𝑥𝑧

+  3𝑦2𝑧𝑓
𝑦𝑦𝑧

+ 3𝑦𝑧2𝑓
𝑦𝑧𝑧

+ 6𝑥𝑦𝑧𝑓
𝑥

…….. (16)

From equations (9), (16) we say that corollary 3.3 verified

Problem (2): verify corollary 2.3 for the function 𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥3 + 𝑦3

Sol:

Given that ………… (17) Is a Homogeneous function of degree ‘3’𝑓 𝑥, 𝑦, 𝑧( ) = 𝑥3 + 𝑦3

then

By corollary 2.3 we have

𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 𝑛 𝑛 − 1( ) 𝑛 − 2( )𝑓

⇒𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 3 3 − 1( ) 3 − 2( )𝑓

……… (19)⇒𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 6𝑓

Differentiate equation (1) partially with respect to ‘x’,’y’ & ‘z’ on both sides then we get

….. (20)𝑓
𝑥

= 3𝑥2

…….. (21)𝑓
𝑦

= 3𝑦2

…….. (22)𝑓
𝑧

= 3𝑧2

Differentiate equation (10) partially with respect to ‘x’ on both sides then we get

….. (23)   Similarly , ,𝑓
𝑥𝑥

= 6𝑥    𝑓
𝑥𝑥𝑥

= 6     𝑓
𝑥𝑥𝑦

= 0 𝑓
𝑥𝑦𝑦

= 0

Differentiate equation (11) partially with respect to ‘y’ on both sides then we get

…….. (24)  Similarly𝑓
𝑦𝑦

= 6𝑦 𝑓
𝑦𝑦𝑦

= 6



Now

𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 6𝑥3 + 0 + 0 + 6𝑦3

……… (25)𝑥3𝑓
𝑥𝑥𝑥

+ 3𝑥𝑦2𝑓
𝑥𝑦𝑦

+ 3𝑥2𝑦𝑓
𝑥𝑥𝑦

+ 𝑦3𝑓
𝑦𝑦𝑦

= 6𝑓

From equations (19), (25) we say that corollary 2.3 verified
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